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Abstract
In this paper, we consider a coloring problem on the n-cube that arises in the study of
scalability of optical networks. Let  k(n) be the minimum number of colors needed to color
the vertices of the n-cube so that every two vertices with Hamming distance 6k have dierent
colors. We show that for k=3, 2n6 3(n)62
dlog2 ne+1. We also provide upper and lower bounds
on  k(n) for general k. ? 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
An n-cube is a graph with vertices (x1; x2; : : : ; xn) for x1; x2; : : : ; xn 2 f0; 1g, and
edges (x; y) for vertices x and y with Hamming distance one, where the Hamming
distance is dened by d(x; y) = jfi j xi 6= yigj. Given a positive integer k, how many
colors does an n-cube need to color its vertices so that any two vertices with distance
exactly k have dierent colors? Or so that any two vertices within distance k have dif-
ferent colors? These two problems were proposed in the study of scalability of optical
networks [3,5]. The second one is equivalent to nding the chromatic number of the
kth power of the n-cube (The kth power Gk of a graph G has the same vertex-set as
G, with an edge between two vertices whenever they are within distance k in G). Let
k(n), respectively  k(n), denote the minimum number of colors in a vertex-coloring of
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the n-cube such that any two vertices with distance exactly k, respectively at most k,
have dierent colors. Clearly, k(n)6 k(n) for each n, and k(n) = 2 when k is
odd. Wan [5] showed that
n62(n)62dlog2 ne; (1)
n+ 16 2(n)62
dlog2 (n+1)e: (2)
He also conjectured that 2(n) = 2dlog2 ne and  2(n) = 2
dlog2 (n+1)e. In this paper, we
show that
2n6 3(n)62
dlog2 ne+1: (3)
Note that if n is a power of 2 then the upper and lower bounds in (1) and (3) coincide,
so that 2(n) = n and  3(n) = 2n. If n + 1 is a power of 2 then the upper and lower
bounds in (2) coincide, so that  2(n) = n + 1. We also nd some general lower and
upper bounds for  k(n) and k(n).
2. Main results
An m-dimensional binary representation of an integer i is an m-dimensional vector
(x1; x2; : : : ; xm) such that x1  2m−1 + x2  2m−2 +    + xm = i. Clearly, the nonnegative
integer i has an m-dimensional binary representation if and only if dlog2 (i + 1)e6m.
Theorem 1. 2n6 3(n)62
dlog ne+1.
Proof. To establish the lower bound, consider two vertices (0; 0; : : : ; 0) and (1; 0; : : : ; 0)
and their adjacent vertices. These 2n vertices have the property that the distance be-
tween any two of them is at most three. Therefore, they should have distinct colors.
That is, 2n6 3(n).
To establish the upper bound, let m = (dlog2 ne + 1) and let M (n) be the n-by-m
matrix whose (i + 1)th row ri (06i6n − 1) has the form (bi; ni), where bi is the
(m− 1)-dimensional binary representation of integer i and
ni =

1 if bi contains an even number of 1’s;
0 otherwise:
:
For example,
M (5) =
0
BBBBBBBBB@
0 0 0
... 1
0 0 1
... 0
0 1 0
... 0
0 1 1
... 1
1 0 0
... 0
1
CCCCCCCCCA
:
D.S. Kim et al. / Discrete Applied Mathematics 103 (2000) 307{311 309
Now, we denote colors by m-dimensional 0{1 vectors and assume that each vertex
x = (x1; x2; : : : ; xn) is in color xM (n) where all arithmetic operations are performed in
the ring Z2. Note that we use 2m colors in total.
If x and y are vertices with distance d(x; y)=d>1, then xM (n)−yM (n) (evaluated
modulo 2) is the mod-2 sum of the d rows of M (n) corresponding to the coordinate
positions in which x and y dier. If d63, this is nozero, since no two rows of M (n)
are equal, and any odd number of rows of M (n) contain an odd number of 1’s in total.
Therefore, if d(x; y)63, then xM (n) 6= yM (n), and so vertices x and y have dierent
colors. Hence  3(n)62
m.
Lemma 1. If x1; x2; : : : ; xh; y1; y2; : : : ; yh are real numbers such that xu1 +x
u
2 +   +xuh=
yu1 + y
u
2 +   + yuh for u= 1; 2; : : : ; h; then fx1; x2; : : : ; xhg= fy1; y2; : : : ; yhg.
Proof. Let u(x) =
P
16i1<i2<<iu6h xi1xi2    xiu . Then u(x) is a function of xk1
+xk2 +   +xkh for k=1; 2; : : : ; u. Thus, u(x)=u(y) (=u, say) for u=1; 2; : : : ; h. This
means that both fx1; x2; : : : ; xhg and fy1; y2; : : : ; yhg are the set of roots for equation
th − 1th−1 +   + (−1)hh = 0. Thus, fx1; x2; : : : ; xhg= fy1; y2; : : : ; yhg.
Theorem 2.
n
k=2

6 k(n)6(k + 1)

k + 2
2
(k(k+2))=8dlog2 ne
for even k;
2

n− 1
(k − 1)=2

6 k(n)6(k + 1)

k + 1
2
(k−1)(k+1)=8dlog2 ne
for odd k;
where
( n
k

=
Pk
i=0
( n
i

.
Proof. To establish the lower bound for even k, we consider all vertices within dis-
tance k=2 from (0; 0; : : : ; 0). The total number of these vertices is (( nk=2 )). The distance
between any two of them is at most k. Thus, these vertices should have distinct colors.
To establish the lower bound for odd k, we consider all vertices within distance
(k−1)=2 of either vertex (0; 0; : : : ; 0) or (1; 0; : : : ; 0). The total number of these vertices
is 2(( n−1(k−1)=2 )). The distance between any two of them is at most k. Thus, these vertices
should have distinct colors.
To establish the upper bound for even k, note that
dlog2 ((n− 1)u + 1)e6dlog2 (nu)e6udlog2 ne
and let
m= 1 +
k=2X
u=1
dlog2 ((n− 1)u + 1e61 +
k(k + 2)
8
dlog2 ne:
Let Mk(n) be the n-by-m matrix Mk(n) whose (i + 1)th row ri has the form
ri = (1; b1i ; b
2
i2 ; : : : ; b
k=2
ik=2 ) where b
u
j is a dlog2 ((n − 1)u + 1)e-dimensional binary
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representation of nonnegative integer j. For example,
M4(6) =
0
BBBBBBBBBBBBB@
1
... 0 0 0
... 0 0 0 0 0
1
... 0 0 1
... 0 0 0 0 1
1
... 0 1 0
... 0 0 1 0 0
1
... 0 1 1
... 0 1 0 0 1
1
... 1 0 0
... 1 0 0 0 0
1
... 1 0 1
... 1 1 0 0 1
1
CCCCCCCCCCCCCA
:
Denote colors by m-dimensional vectors (c1; c2; : : : ; cm) where c1 2 Zk+1, c2; c3; : : : ; cm
2 Zk=2+1. Thus, the total number of colors is
(k + 1)(k=2 + 1)m−16(k + 1)

k + 2
2
(k(k+2))=8dlog2 ne
:
Assign the color xMk(n) to vertex x where xMk(n) is calculated as follows: The rst
column is computed with operations in the ring Zk+1, i.e., do addition modulo k + 1.
The other columns are computed with operations in the ring Zk=2+1. For example,
(0; 1; 0; 1; 1; 1)M4(6) = (4; 2; 1; 0; 2; 2; 0; 0; 0):
We now show that for any two vertices x and y within distance k, xMk(n) 6= yMk(n).
For a contradiction, suppose that xMk(n)=yMk(n). From the rst column, we see that
the vectors x and y have the same number of 1’s. So, for some h6k=2 there are h
coordinate positions where x has 1’s and y has 0’s, say i1; : : : ; ih, and h where y has
1’s and x has 0’s, say j1; : : : ; jh. Then
ri1 + ri2 +   + rih = rj1 + rj2 +   + rjh ;
so that
bu(i1)u + b
u
(i2)u +   + bu(ih)u  bu(j1)u + bu(j2)u +   + bu(jh)u (mod (k=2 + 1)) (4)
for u = 1; 2; : : : ; k=2. Since h6k=2, the two sides of (4) are not only congruent but
equal, so that
iu1 + i
u
2 +   + iuh = ju1 + ju2 +   + juh
for u=1; 2; : : : ; k=2. By Lemma 1, we can conclude that fi1; i2; : : : ; ihg= fj1; j2; : : : ; jhg,
a contradiction.
Similarly, we can establish the upper bound for  k(n) for odd k.
Corollary 1. For odd k; k(n) = 2. For even k; b2n=kc6k(n)6(k + 1)(
k+2
2
(k(k+2))=8dlog2 ne.
Proof. Note that the n-cube is 2-colorable with every two vertices at odd distance
having dierent colors. Therefore k(n) = 2 for odd k. For even k, the upper bound
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follows from Theorem 2 since k(n)6 k(n); the lower bound follows from considering
vertices (1; : : : ; 1| {z }
k=2
; 0; : : : ; 0), (0; : : : ; 0| {z }
k=2
; 1; : : : ; 1| {z }
k=2
; 0; : : : ; 0); : : : :
3. Discussion
The lower bounds presented in this paper are not tight. One way of improving the
lower bound on  k(n) is to consider the largest number of vertices that can have the
same color, i.e., the largest number A2(n; d) of vertices in the n-cube whose minimum
distance is at least d, where d= k + 1. For example, it is easy to see that A2(5; 4) =
2 which means that each color can be used at most twice. Thus  3(5)>2
5=2 and
hence  3(5) = 16 = 2
dlog2 ne+1> 2n = 10 (2n being the lower bound in Theorem 1).
Since  3(n) is a (weakly) increasing function of n and  3(8) = 16 by Theorem 1, and
since it is obvious that  3(n)=2
n=2dlog2 ne+1 for n63, it follows that  3(n)=2
dlog2 ne+1
if n68. We conjecture that  3(n) = 2
dlog2 ne+1 for all n. Note that this would follow
if one could prove that A2(2r + 1; 4)622
r−r−1 for every positive integer r. However,
this inequality does not hold since A2(23 + 1; 4) = A2(23; 3) = 20> 16 = 22
3−3−1 (see
[4]). The value of A2(n; d) may provide only an improvement on the lower bound of
 k(n). Determining the value of A2(n; d) is an important problem in coding theory. It
follows from Theorems 4.5.3, 4.5.4, and 4.5.7 in [4] that
22
r
1 + 2r + 2r(2r − 1)=26A2(2
r + 1; 4) = A2(2r ; 3)6
22
r
1 + 2r
:
This is also a possible way to improve the lower bound in the results of Wan [5]. The
reader may refer to [1,2] for more information on the problem of nding A2(n; d).
There exists a large gap between the upper bound and the lower bound in Theorem 2.
A small improvement on the upper bound can be obtained by using function xu− xu−1
instead of xu. But, to close this gap, a new technique is required.
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